I. INTRODUCTION
For asymptotically flat gravitating systems total energy is well defined and must be nonnegative. Each new positive total energy proof (e.g. [1] ) offers some more insights. Concerning the localization of the total energy, although the equivalence principle forbids a true local gravitational energy density yet a suitable "quasi-localization" is desirable [2] . A good candidate for a gravitational energy density is the Hamiltonian density. For asymptotically flat Einstein gravity the Hamiltonian density has the general form [3] 
which includes a boundary term at spatial infinity. On a solution the spatial integral vanishes, the value of the Hamiltonian, −16πGN µ p µ , comes from the integral of the boundary term over the 2-sphere at spatial infinity and determines the total 4-energy momentum p µ .
The integrand of the boundary term, B, is only well defined up to O(r −2 ), moreover we have the freedom to choose the lapse N and shift N k . Together these allow a certain latitude which can be exploited to obtain a locally non-negative Hamiltonian density. Indeed, such a form can be achieved in more than one way.
II. THE 4-COVARIANT QUADRATIC SPINOR HAMILTONIAN
The first constructions of this type [4] were done in the wake of the Witten positive energy proof. It was shown that the Hamiltonian density for Einstein gravity could be expressed as a 4-covariant quadratic spinor 3-form:
This remarkable result follows from: (i) the identity and (ii) the observation that δ H(ψ) has an asymptotically vanishing boundary integral since H(ψ) is asymptotically of order O(r −4 ).
The Hamiltonian density (2.1) can be decomposed, with respect to the normal to any spacelike hypersurface, into positive and negative definite parts:
and is locally non-negative if ψ satisfies the Witten equation (or certain modifications thereof) 
III. THE SPECIAL ORTHONORMAL FRAME APPROACH
Another approach [5] used orthonormal frames and exploited their rotational gauge freedom. The ADM Hamiltonian (1.1) in an asymptotically cartesian frame has the form:
We choose N k = 0, use the divergence theorem to eliminate the boundary term, parameterize the metric with orthonormal frames, split the connection coefficients algebraically into a symmetric tensor q ab , a vector q c := −Γ a ca and a scalar q := ǫ abc Γ abc , and use the special orthonormal frame (SOF) [6] rotational gauge conditions: 2) to obtain the Einstein Hamiltonian (i.e., energy) density in the form
This expression is good for both compact spatial surfaces (in which case q is a non-vanishing constant) and for asymptotically flat spatial surfaces (in which case q vanishes). For the latter case total energy is well defined; a suitable choice of the lapse gives a positive total energy proof.
Many choices for the lapse give a positive local energy density, in particular N = Φ a , (a ≥ 1). An especially attractive choice is N = Φ which leads to the gravitational energy density 4) and the value a maximal spacelike hypersurface cannot be extended to future null infinity so this approach cannot give the Bondi mass-energy.
IV. A NEW 3-SPINOR PROOF AND LOCALIZATION
A link between the special orthonormal frame approach and the 4-covariant quadratic spinor form of the Hamiltonian has now been found in terms of a new Hamiltonian based gravitational energy positivity proof and localization which uses 3 dimensional spinors.
The key is a new spinor identity (see appendix)
where
Using this identity we replace the scalar curvature term, NRg 1/2 d 3 x = NΩ ab ∧ ζ ab , and the boundary term in the ADM Hamiltonian (3.1) with the left hand side of (4.1) . The Einstein
Hamiltonian (with N = ϕ † ϕ, N k = 0) can then be written as
An important property of the 3-spinor Hamiltonian (4.3) is that no additional boundary term at infinity is needed. As Regge and Teitelboim [8] have nicely explained it is necessary that the boundary terms in the variation of the Hamiltonian vanish asymptotically. To verify this property for (4.3) we need only check the variation of the quadratic spinor terms (see appendix): On a maximal hypersurface π = 0, the kinetic terms in the Hamiltonian (4.3) are nonnegative. The quadratic spinor terms can also be made non-negative. Since the torsion vanishes the spinor terms reduce to as we shall show below. Indeed the principal virtue of this approach is that it relates the other two methods we have discussed.
V. RELATIONS BETWEEN THE METHODS

The 3-spinor Hamiltonian expression (4.3) is intermediate between the 4-covariant spinor
Hamiltonian (2.1) discussed above and the SOF Hamiltonian (3.3) .
On the one hand it can be extracted as a piece of the 3+1 decomposition of the 4-covariant spinor Hamiltonian. The orthonormal frame components of the metric compatible 4-connection project into the components of the 3-connection and the extrinsic curvature On the other hand the 3-spinor Hamiltonian not only resembles the SOF approach in (i) using a vanishing shift, (ii) considering the kinetic terms separately, (iii) relying on maximal slices, and (iv) replacing the potential terms by an expression using different variables, but, moreover, there is a close relation between the SOF variables and spinor fields via solutions to the 3 dimensional Dirac equation (4.6).
Indeed the 3-dimensional Dirac equation explicitly depends only on the parts of the connection which appear in the gauge conditions (3.2) :
An asymptotically constant solution to σ a ∇ a ϕ = 0 can be factored into a magnitude and a unitary transformation which determines an SOF [9] . Conversely, expressed in terms of an SOF the Dirac equation reduces to σ a ∂ a Φ −2 ϕ = 0, hence ϕ = Φ 2 ϕ const .
VI. LOCALIZATION AND QUASI-LOCALIZATION
Our considerations have been concerned with obtaining a positive localization of the total energy by finding a good expression for the Hamiltonian density. Each localization depends on the solution to an elliptic equation, which, in turn, depends on the values on the boundary of the region. Since the boundary is at spatial infinity we can simply choose suitable constant values as the physically appropriate boundary conditions.
Beyond distributing the total gravitational energy, there is considerable interest in "quasi- Unfortunately, aside from the aforementioned spherically symmetric case, there are hardly any known exact solutions for the Dirac equation in curved spacetime [12] .
Forgoing direct comparisons for actual solutions we can compare the expressions by considering desirable properties. We know of no gravitational energy localization method which is satisfactory. One list [13] for example, requires (i) zero for flat spacetime, (ii) the standard value for spherical solutions, (iii) the ADM value for an asymptotically flat slice, As a proof, considered on its own, this method has no advantages and indeed is less general than some other known proofs. More interesting is the fact that it provides another independent method for obtaining a positive localization of gravitational energy; yet again, as a localization method, it has no apparent advantages.
Probably the most interesting thing is that it provides a link between two other Hamil- 
